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Abstract
Let F :Rn→ Rk (n> k) be a polynomial mapping such that the real algebraic set X = F−1(0)
is compact. There are introduced a fundamental class [X]F ∈Hn−k(X;Z) and a topological degree
deg(G) forG :X→Rn−k+1−{0}, which coincide with the usual ones whenX is a smooth oriented
m-manifold. There is also given an effective method for computing deg(G) and a formula for the
degree on critical points of mappings Q :X → Rn−k . Ó 2001 Elsevier Science B.V. All rights
reserved.
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Let X ⊂ Rn be an s-dimensional real compact algebraic set. It is well known (see [3,
Proposition 11.3.1], [4]) that the sum of all s-simplexes of any semi-algebraic triangulation
of X is a non-zero cycle in Hs(X;Z/2Z). This cycle is called the fundamental class
of X for coefficients in Z/2Z. In particular, Hs(X;Z/2Z) is non-trivial. Kurdyka and
Rusek [6] have shown that the (n − s − 1)-homotopy group pin−s−1(Rn − X) is non-
trivial too. These facts do not imply existence of the fundamental class for coefficients
in Z, even if X is smooth. There is a real algebraic set homeomorphic to RP 2 × S3, but
H5(RP 2 × S3;Z)= 0 (see [5, Example 29.14]).
In this paper we investigate a natural class of real algebraic sets, namely compact real
algebraic sets X = F−1(0), where F :Rn→ Rk (k 6 n) is a polynomial mapping. We
show that there is a canonically given element [X]F ∈ Hm(X;Z), where m = n − k. (It
is proper to add that neither dimX =m nor smoothness of X is assumed.) [X]F depends
on F . We show how to check that [X]F is a torsion-free element in Hm(X;Z). If regular
points of F are dense in X then [X]F is a non-zero element in Hm(X;Z) which provides
an orientation at every regular point in X.
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Let G :X→ Rm+1 − {0} be a polynomial mapping. Having [X]F , one may define the
topological degree, denoted by deg(G), of G with respect to the origin. We present an
effective formula (Theorem 2.2) for deg(G). In the case when rank[DF(x)] = k for all
x ∈ X, so that X is an m-manifold, the same formula has been proved in [10]. Also in
[10] there has been introduced an invariant µ(G) ∈ Z/2Z. The reader may check that
deg(G)≡ µ(G) mod 2.
In applications, usually an algebraic set X is given in terms of its equation F = 0, and
often it is easy to verify that X is bounded, and so compact. If that is the case, then one
may apply the topological degree introduced in this paper, even if X has singular points.
For instance, one may get a formula for the linking number of 1-dimensional compact real
algebraic sets in R3, which is the same as that proven in [10, Theorem 4.1] for smooth
links.
In Section 3 we discuss another application. LetQ :X→Rm be a polynomial mapping.
The set Σ of critical points of Q is given by (k + 1)-equations, so that the fundamental
class of Σ can be defined. We shall show that if 0 ∈ Rm is a regular value of Q then
rankHm−1(Σ;Z)> 1 and #Q−1(0)= 2(−1)k+1 deg(Q|Σ).
1. Fundamental class
Let F = (f1, . . . , fk) :Rn → Rk (k 6 n) be a polynomial mapping such that X =
F−1(0) is compact. Let U be an open bounded neighbourhood of X. Let Bδ denote
the closed ball of radius δ in Rk centered at the origin. Let us choose δ > 0 such that
F−1(Bδ)∩ ∂U = ∅.
For y ∈ Bδ we denote Fy = F−1(y)∩U. Set m= n− k. If y is a regular value then Fy
is either an empty set or a smooth compact m-manifold. Take p ∈ Fy . We say that tangent
vectors v1, . . . , vm ∈ TpFy are well oriented if vectors ∇f1(p), . . . ,∇fk(p), v1, . . . , vm
are well oriented in Rn. This way Fy is an oriented manifold.
Set ω = f 21 + · · · + f 2k :Rn→ R. The polynomial ω is non-negative and ω−1(0)= X.
A polynomial function can have at most a finite number of critical values. From now
on we shall assume that the interval (0, δ] consists of regular values of ω. In particular,
ω−1([0, δ])∩U = F−1(Bδ) ∩U is a compact n-manifold with boundary F−1(∂Bδ) ∩U .
Since X is triangulable, it is a deformation retract of its neighborhood V . We may assume
that V ⊂ F−1(Bδ)∩U . Since ω has no critical points in F−1(Bδ)∩U−X, there isW,with
X ⊂W ⊂ V , which is a deformation retract of F−1(Bδ) ∩U , and so X is a deformation
retract of F−1(Bδ)∩U .
Let r :F−1(Bδ)∩U→X be a deformation retraction, and let
r∗ :Hm
(
F−1(Bδ)∩U ;Z
)→Hm(X;Z)
denote the induced homomorphism on m-homology groups.
The set of regular values of F is semi-algebraic and dense, so its interior Θ is open,
dense, and semi-algebraic. Set Θδ = int(Bδ) ∩Θ . For y ∈ Θδ , let [Fy ] ∈ Hm(F−1(Bδ) ∩
U ;Z) denote the element represented by the oriented m-manifold Fy . (If Fy is empty
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then we put [Fy ] = 0.) If y, y ′ belong to the same component of Θδ then Fy and Fy ′ are
isotopic, an so [Fy ] = [Fy ′ ]. In fact, the assumption that y, y ′ lie in the same component
is not necessary.
Lemma 1.1. Assume that y, y ′ ∈Θδ. Then [Fy] = [Fy ′ ].
Proof. Let L :Rk→Rk−1 be a linear mapping with L(y)= L(y ′). Let z be a regular value
of L ◦ F lying near L(y). There are w, w′ ∈Θδ ∩L−1(z) such that y and w (respectively
y ′ and w′) belong to the same component of Θδ , so that [Fy] = [Fw] and [Fy ′ ] = [Fw′ ].
Let I ⊂ L−1(z) denote the closed interval from w to w′. Since F−1(I)⊂ (L ◦ F)−1(z) is
an oriented bordism from Fw to Fw′ , [Fw] = [Fw′ ], which completes the proof. 2
Take any y ∈ Θδ and any deformation retraction r :F−1(Bδ) ∩ U → X. The previous
lemma implies that r∗([Fy]) ∈ Hm(X;Z) does not depend on y , and by easy homotopy
argument, it does not depend on r .
Definition. We shall call [X]F = r∗([Fy ]) the fundamental class of X.
So the fundamental class of X depends of F . For instance, if F,G :R→R are given by
F(x)= x and G(x)= x2 then F−1(0)=G−1(0)= {0}, but [{0}]F = 1 and [{0}]G = 0 in
H0({0};Z)' Z.
Example 1. Let F :R2→ R by given by F(x1, x2)= x22 + x41 − 4x21 . Then X = F−1(0)
is homeomorphic to the character ‘∞’, and [X]F ∈H1(X;Z) is represented by the sum of
both ovals taken with the positive orientation.
Example 2. Let F : Rn → Rn be a mapping having a finite collection of zeros X =
{p1, . . . , ps}. Then
[X]F ∈H0(X;Z)'H0
({p1};Z)⊕ · · · ⊕H0({ps};Z)' Z⊕ · · · ⊕Z,
and [X]F ' degp1 F ⊕ · · · ⊕ degps F , where degpi F denotes the local topological degree
at pi .
The remainder of this section is devoted to the case when there are regular points of
F in X, i.e., X0 = {x ∈ X | rankDF(x)= k} is open and non-empty. Then X0 is a semi-
algebraic m-manifold. Since X0 is locally an inverse image of a regular value, X0 can be
oriented the same way as Fy .
Thus, for every x ∈X0, there is chosen µx ∈Hm(X0,X0 − x;Z)=Hm(X,X − x;Z);
one of the two possible generators for Hm(X,X− x;Z).
Theorem 1.2. Suppose that X0 6= ∅. For x ∈X0, let i :Hm(X;Z)→Hm(X,X− x;Z) be
the natural homomorphism. Then i([X]F )= µx .
Proof. Assume x = 0. According to the rank theorem we may assume, in some
neighbourhood V of 0, that F(z1, . . . , zn) = (z1, . . . , zk), and so X0 = {0} × Rm ⊂ Rn.
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There is a deformation retraction r :F−1(Bδ) ∩ U → X such that r(z1, . . . , zn) = (zk+1,
. . . , zn) in V . For y ∈Θδ , Fy ∩V = {y}×Rm∩V and obviously i([X]F )= i ◦ r∗([Fy ])=
µ0 in Hm(X,X− 0;Z). 2
Corollary 1.3. If X0 6= ∅ then [X]F 6= 0 is a torsion-free element in Hm(X;Z). In
particular, rankHm(X;Z)> 1.
If Hm(X;Z) is a torsion group then X0 = ∅.
Proof. Take x ∈X0. Since Hm(X,X− x;Z)' Z, i([X]F )= µx 6= 0 and [X]F is torsion-
free. 2
Using this fact the reader may construct examples of F such that dimX > m and
[X]F ∈Hm(X;Z) is non-trivial. On the other hand, if dimX<m then [X]F = 0.
2. Topological degree
Let G :X → Rm+1 − {0} be a continuous mapping. There is µ ∈ Z such that
G∗([X]F )= µ[Sm], where [Sm] denotes the standard generator of Hm(Rm+1 − {0};Z)'
Hm(S
m;Z). (If m = 0 then [S0] ' 1 ⊕ 0 in H0(S0;Z) = H0({1};Z) ⊕ H0({−1};Z) '
Z⊕Z.)
Definition. µ is called the topological degree of G and denoted by deg(G).
Of course, deg(G) is a homotopy invariant, and deg(G) 6= 0 implies that 0 6= [X]F ∈
Hm(X,Z) is a torsion-free element and rankHm(X;Z)> 1.
Example 3. Let F : R2→ R be the same as in Example 1, let G1(x1, x2)= (x1 − 1, x2)
and G2(x1, x2)= (x1, x2 − 1). Then deg(G1)= 1 and deg(G2)= 0.
Example 4. Let F :Rn→Rn be the same as in Example 2. Suppose that G :X→R and
G−1(0)∩X = ∅. Then deg(G)=∑p∈X,G(p)>0 degp F.
Proposition 2.1. Assume that there is a continuous g :Rn→ Rm+1 such that G = g|X.
If δ is small enough then one may assume that 0 /∈ g(F−1(Bδ) ∩ U). For every y ∈ Θδ ,
deg(G) equals the topological degree of g :Fy→Rm+1 − {0}, i.e., deg(G)= deg(g|Fy).
Proof. Since [X]F = [Fy ] in Hm(F−1(Bδ) ∩ U ;Z), µ[Sm] = G∗([X]F ) = g∗([Fy ]) =
deg(g|Fy)[Sm]. 2
From now on we shall assume that g is a polynomial mapping and G= g|X.
Theorem 2.2. Suppose that g = (g1, . . . , gm,gm+1) :Rn → Rm+1 and 0 /∈ G(X). Put
H = (f1, . . . , fk, g1, . . . , gm) :Rn→Rn and U0 =U ∩ {gm+1 > 0}.
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Then H−1(0) ∩ {gm+1 = 0} is void, so that the topological degree of H with respect to
U0 and 0, denoted by deg(H,U0,0), is defined and
deg(G)= (−1)m deg(H,U0,0).
Proof. G−1(0) is void, so H−1(0)∩ {gm+1 = 0} =X ∩ g−1(0)=G−1(0) is void too.
Take y ∈Θδ close to the origin and y× 0 ∈Rk ×Rm. Then Fy is a compact orientedm-
manifold, and deg(g|Fy) equals the topological degree of mapping h= g/|g| :Fy → Sm.
Then h−1((0, . . . ,0,1))= Fy ∩ {g1 = · · · = gm = 0} ∩ {gm+1 > 0} =H−1(y × 0) ∩U ∩
{gm+1 > 0}. Let z ∈ Sm be a regular value of h which lies close to (0, . . . ,0,1), and let
p ∈ h−1(z). According to [10, Lemma 3.1, 3.4], sgn det[Dh(p)] = (−1)m sgn det[DH(p)].
Then
deg(g|Fy)=
∑
p∈h−1(z)
(−1)m sgn det [DH(p)]= (−1)m deg(H,U0, y × 0).
Continuity of topological degree implies deg(H,U0, y × 0)= deg(H,U0,0× 0). 2
Corollary 2.3. Put X′ =H−1(0). Then X′ is a compact algebraic subset of X, [X′]H ∈
H0(X′;Z), and G′ = gm+1 :X′ →R− {0}. Since deg(G′)= deg(H,U0,0), we have
deg(G)= (−1)m deg(G′).
Corollary 2.4. Assume that H−1(0) is finite, so that for every p ∈ H−1(0) the local
topological degree degp H of a map germ H : (Rn,p)→ (Rn,0) is defined.
Then
deg(G)= (−1)m
∑
p
degp H, p ∈H−1(0)∩ {gm+1 > 0}.
Proof. Since H−1(0) ⊂ F−1(0) ⊂ U , H−1(0) ∩ U0 = H−1(0) ∩ U ∩ {gm+1 > 0} =
H−1(0) ∩ {gm+1 > 0}, and it is enough to observe that deg(H,U0,0) =∑p degp H ,
p ∈H−1(0)∩ {gm+1 > 0}. 2
In [7,10] there is described an effective algorithm for computing the topological degree
for polynomial mappings having a finite collection of complex zeros. There is a computer
program (written by Andrzej Łe¸cki) based on this algorithm.
Example 5. Let F,g :R3→R2 be given by
F = (x41 + x42 + x43 − x21x3 − x22x3 − 9x23 , x31 + x32 − x33 + x1 − x2 + x3),
g = (x31 − x22 + 1, x22 − x33 − 1).
X = F−1(0) is bounded, and so compact. A computer has verified that X ∩ g−1(0) = ∅
and
∑
p degp H = 1 (p ∈ H−1(0) ∩ {g2 > 0}). From the above corollary, deg(G) = −1.
In particular, [X]F 6= 0 and rankH1(X;Z)> 1.
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The degree deg(G) is stable with respect to small perturbations of both F and g.
Theorem 2.5. Assume that F˜ :Rn → Rk and g˜ :Rn → Rm+1 are smooth mappings
approximating F and g uniformly on U in C∞-topology.
Let y be a regular value for F˜ lying close to the origin. Then F˜y = (F˜ )−1(y)∩U is either
empty or a smooth oriented m-manifold and g˜|F˜y : F˜y → Rm+1 − {0}, so that deg(g˜|F˜y)
is defined. Moreover, deg(G)= deg(g˜|F˜y).
Proof. F−1(0)∩g−1(0)=X∩g−1(0)= ∅. If δ is small, we may assume that F−1(Bδ)∩
U ∩ g−1(0)= ∅ too. Thus g :F−1(Bδ) ∩U→Rm+1 − {0}. F−1(Bδ)∩U is compact and
g˜ is close to g. So we may assume that g, g˜ :F−1(Bδ)∩U→Rm+1 − {0} are homotopic.
Define a homotopy P(x, t) :U × [0,1] → Rk by P(x, t) = tF (x)+ (1 − t)F˜ (x). Let
z be a regular value for F |U , F˜ |U and P |U × [0,1], lying close to y . Then P−1(z) is
an oriented bordism from F˜z × {0} to Fz × {1}. F˜ is close to F , so we may assume that
P−1(z)⊂ (F−1(Bδ)∩U)× [0,1]. In particular, [Fz] = [F˜z] in Hm(F−1(Bδ)∩U ;Z).
Since z is close to the origin, deg(G) = deg(g|Fz) = deg(g˜|Fz) = deg(g˜|F˜z) =
deg(g˜|F˜y). 2
3. Degree on critical points
The following lemma has been proven in [9].
Lemma 3.1. Let f = (f1, . . . , fn−1) :U→Rn−1 and p :U→R beC∞-functions defined
in an open set U ⊂ Rn. Assume that rank[df (x0)] = n − 1 (x0 ∈ U). Put y0 = f (x0).
From the implicit function theorem, f−1(y0) is an 1-dimensional C∞-manifold in some
neighbourhood of x0.
Let j = ∂(f1, . . . , fn−1,p)/∂(x1, . . . , xn) be the Jacobian of a map (f1, . . . , fn−1,p),
let H = (j, f1, . . . , fn−1) :U→Rn. Then
(i) p|f−1(y0) has a critical point at x0 if and only if j (x0)= 0,
(ii) p|f−1(y0) has a non-degenerate critical point at x0 if and only if j (x0) = 0 and
det[DH(x0)] 6= 0,
(iii) if j (x0) = 0 and (−1)n det[DH(x0)] < 0 then p|f−1(y0) has a local minimum at
x0,
(iv) if j (x0) = 0 and (−1)n det[DH(x0)]> 0 then p|f−1(y0) has a local maximum at
x0.
Let f = (f1, . . . , fn−1) :Rn→ Rn−1 be a polynomial mapping such that X′ = f−1(0)
is compact. Let p :Rn→ R be a polynomial, and let P :X′ → R denote its restriction to
X′. Let j = ∂(f1, . . . , fn−1,p)/∂(x1, . . . , xn), and let H = (j, f1, . . . , fn−1) :Rn→ Rn.
Then H−1(0)⊂X′ is compact.
Put Σ ′ = j−1(0) ∩ X′ = H−1(0). We shall say that Σ ′ (respectively P(Σ ′)) is the
set of critical points (respectively critical values) of P . (Although neither dimX′ = 1 nor
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smoothness of X′ is assumed.) However, if x ∈X′ −Σ ′ then X′ is a smooth 1-manifold in
a neighbourhood of x , and x is a regular point of p|X′.
Let [Σ ′]H ∈H0(Σ ′;Z) denote the fundamental class of Σ ′.
Lemma 3.2. Suppose that 0 ∈R is a regular value of P , i.e., 0 /∈ P(Σ ′). Then P−1(0) is
finite, P :Σ ′ →R− {0} (so that deg(P |Σ ′) is defined), and
#P−1(0)= 2(−1)n deg(P |Σ ′).
Proof. P−1(0) is a discrete algebraic, and thus finite set. Let U ⊃X′ be an open, bounded
set. Let f˜ :Rn→Rn−1 and p˜ :Rn→R be polynomials approximating f and p uniformly
onU in C2-topology, such that 0 ∈Rn−1 is a regular value of f˜ (so thatW = f˜−1(0)∩U is
a smooth compact oriented 1-manifold), and p˜|W has only non-degenerate critical points.
Since 0 is a regular value of P , one may assume that it is also a regular value of p˜|W .
Let H˜ = (j˜ , f˜1, . . . , f˜n−1), where j˜ = ∂(f˜1, . . . , f˜n−1, p˜)/∂(x1, . . . , xn). From Lem-
ma 3.1, H˜−1(0) is the set of critical points of p˜|W , all zeros in H˜−1(0) are non-degenerate,
and (−1)n det[DH˜(x0)] < 0 (respectively > 0) if p˜|W has a minimum (respectively
maximum) at x0. Denote Σ˜ = H˜−1(0)∩U .
Let a (respectively b) denote the number of minimum (respectively maximum) points
of p˜ on W ∩ {p˜ > 0}. Thus
b− a = (−1)n
∑
p
sgn det[DH˜(p)], where p ∈ Σ˜ ∩U ∩ {p˜ > 0}.
Of course, 2(b− a)= #p˜−1(0)∩W = #P−1(0).
Since H˜ approximatesH uniformly on U , from Theorem 2.5, deg(P |Σ ′)= deg(p˜|Σ˜).
According to Corollary 2.4,
deg(p˜|Σ˜)=
∑
p
degp H˜ =
∑
p
sgn det[DH˜(p)],
where p ∈ Σ˜ ∩U ∩ {p˜ > 0}. Hence
#P−1(0)= 2(b− a)= 2(−1)n deg(P |Σ ′). 2
Let F = (f1, . . . , fk) :Rn→ Rk be a polynomial mapping such that X = F−1(0) is
compact. Let q = (q1, . . . , qm) :Rn→Rm be a polynomial mapping, and let Q :X→Rm
denote its restriction to X. Let J = ∂(f1, . . . , fk, q1, . . . , qm)/∂(x1, . . . , xn), and let L =
(J, f1, . . . , fk) :Rn→Rk+1. Then Σ = L−1(0)⊂X is compact.
We shall say thatΣ (respectivelyQ(Σ)) is the set of critical points (respectively critical
values) ofQ. Neither dimX =m nor smoothness ofX is assumed. However, if x ∈X−Σ
thenX is a smoothm-manifold in some neighbourhood of x , and x is a regular point ofQ.
If 0 ∈ Rk is a regular value of F then X is a smooth compact m-manifold and presented
above definitions of critical points and critical values coincide with the usual ones.
Let [Σ]L ∈Hm−1(Σ;Z) denote the fundamental class of Σ .
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Theorem 3.3. Suppose that 0 ∈Rk is a regular value of Q; i.e., 0 /∈Q(Σ). Then Q−1(0)
is finite, Q :Σ→Rm − {0} (so that deg(Q|Σ) is defined), and
#Q−1(0)= 2(−1)k+1 deg(Q|Σ).
In particular, #Q−1(0) is even, and if Q−1(0) 6= ∅ then deg(Q|Σ) 6= 0, [Σ]L 6= 0 and
rankHm−1(Σ;Z)> 1.
Proof. Set f = (f1, . . . , fk, q1, . . . , qm−1), X′ = f−1(0), and P = qm|X′. Then j = J ,
H = (J, f1, . . . , qm−1), and Σ ′ = H−1(0) is the set of critical points of P . Thus Σ ′ is
compact algebraic and [Σ ′]H ∈H0(Σ ′;Z).
Since 0 is a regular value ofQ, J (x) 6= 0 at x ∈Q−1(0)= P−1(0), so that x is a regular
point of P and 0 is a regular value of P . In particular, P :Σ ′ →R− {0}.
From Lemma 3.2, #Q−1(0)= 2(−1)n deg(P |Σ ′). Corollary 2.3 implies that
#Q−1(0)= 2(−1)n+(n−k−1) deg(Q|Σ)= 2(−1)k+1 deg(Q|Σ). 2
Corollary 3.4. If dimX =m and dimΣ <m then rankHm−1(Σ;Z)> 1.
Example 6. Let F :R3→ R and q :R3→ R2 be given by F = x41 + x42 + x43 − x21x3 −
x22x3 − 9x23 and q = (x31 − x22 + 1, x22 − x33 − 1). Using the trace formula (see [1,2,8]), a
computer has verified that #Q−1(0)= 6. Then deg(Q|Σ)= 3.
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